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In this paper, we consider the semilinear elliptic equation
b g
p q nDu q u y u in R , 1.1Ž .m n< < < <1 q x 1 q xŽ . Ž .
n Ž 2 2 .where n G 3, D s Ý › r› x , b and g are two positive constants, and p, q, m, nis1 i
are constants with q ) p ) 1 and m G n ) 2. We note that if b s 0, g ) 0, and
n ) 2, then the complete classification of all possible positive solutions was
w Ž . xconducted by Cheng and Ni Indiana Uni¤ . Math. J. 41 1992 , 261]278 . If g s 0
Ž .and b ) 0, then 1.1 is the so-called Matukuma-type equation, and the solution
w Ž . xstructures were classified by Li and Ni Duke Math. J. 53 1985 , 895]924 and Ni
w Ž . xand Yotsutani Japan J. Appl. Math. 5 1988 , 1]32 . If b ) 0 and g ) 0, then
Ž .some results about the structure of positive solutions of 1.1 were derived by the
w Ž . xfirst author Nonlinear Analysis, TM & A 28 1997 , 1741]1750 . The purpose of
this paper is to discuss the uniqueness and properties of unbounded positive
solutions and investigate some further structures of the positive solutions of Eq.
Ž .1.1 . Q 2000 Academic Press
1. INTRODUCTION
In this paper, we consider the semilinear elliptic equation
b g
p q nDu q u y u s 0 in R , 1.1Ž .m n
< < < <1 q x 1 q xŽ . Ž .
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n Ž 2 2 .where n G 3, D s Ý › r› x , b and g are two positive constants, andis1 i
Ž .p, q, m, n are constants with q ) p G 1 and m G n ) 2. Equation 1.1
arises both in physics and in geometry. When n s 3, m s 2, p ) 1, and
Ž . w xg s 0, Eq. 1.1 was proposed by Matukuma 7 in 1930 as a mathematical
model to describe the dynamics of a globular cluster of stars. In this case,
w xthe solution structures were classified by Ni and Yotsutani 10 , Li and Ni
n q 2w x w x Ž .6 , and Yanagida 12 . When b s 0, g ) 0, and q s , Eq. 1.1 is nown y 2
as one of the conformal scalar curvature equation in R n. In this case, Eq.
Ž .1.1 becomes the following equation, w.l.o.g. we can assume g s 1,
1
q nDu y u s 0 in R . 1.2Ž .n
< <1 q xŽ .
Ž .The complete classification of all possible positive solutions of Eq. 1.2 for
w x w xq ) 1 was conducted by Cheng and Ni 1 . From 1, Theorem II we can
obtain the following.
THEOREM A. If n ) 2, then the following conclusions hold.
Ž . Ž .i For e¤ery positi¤e constant a , Eq. 12 possesses a unique positi¤e
Ž .solution u such that u x “ a as x “ ‘. Furthermore, u is radiallya a a
symmetric.
Ž . Ž .ii Let u be a positi¤e solution of Eq. 1.2 . Then either u ’ U or0
Ž .u ’ u for some a ) 0, where u is gi¤en by i abo¤e, and U denotes thea a 0
maximal solution,
<U x s sup ¤ x ¤ is a positi¤e solution of 1.2 . 1.3 4Ž . Ž . Ž . Ž .0
Ž . niii If a ) b ) 0, then U ) u ) u in R . Furthermore, U is0 a b 0
radially symmetric and the asymptotic beha¤ior of U near ‘ is gi¤en by0
< < Žny2.rŽqy1.U x ; x near ‘.Ž .0
If b ) 0 and g ) 0, then, without loss of generality, we can assume
Ž .g s 1 in Eq. 1.1 and consider the equation
b 1
p q nDu q u y u s 0 in R . 1.4Ž . bm n
< < < <1 q x 1 q xŽ . Ž .
Let
R s U 0 , where U is defined in Eq. 1.3 of Theorem A,Ž . Ž .0 0 0
T s b 1rŽqyp. , 1.5Ž .b
<U x s sup ¤ x ¤ is a positive solution of Eq. 1.4 withŽ . Ž . Ž . bb
u G T on R n . 1.6Ž .4b
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Then some results about the maximal solution U and positive solutionb
Ž . w xstructures of Eq. 1.4 were derived by the first author 2 . He obtainedb
the following Theorem B.
THEOREM B. If q ) p G 1 and m G n ) 2, then the following conclu-
sions hold.
Ž . w . Ž .a If T - R , then for each a g T , R , Eq. 1.4 possesses ab 0 b 0 b
n Ž .positi¤e radial solution ¤ satisfying ¤ G T on R and lim ¤ r sa a b r “‘ a
Ž . Ž .C a , where C a is an increasing function in a . Furthermore, if T F a -b 1
n Ž .a - R , then ¤ - ¤ - U in R , where U is gi¤en by Eq. 1.6 .2 0 a a b b1 2
Ž . Ž .b For e¤ery constant c G T , Eq. 1.4 possesses the type solution ub b c
satisfying u “ c as x “ ‘. Furthermore, if u G T in R n, then suchc c b
Ž . Ž < <.solution u is unique and radially symmetric, i.e., u x s u x for allc c c
x g R n.
Ž . Ž .c For e¤ery bounded positi¤e solution u of Eq. 1.4 , there exists ab
Ž .constant c G 0 such that u ’ u , where u is gi¤en by b abo¤e. Further-c c
more, if u G T in R n, then such solution u is unique and radially symmetric.b c
Ž .d U is radially symmetric and satisfies the asymptotic beha¤iorb
U r ; r Žny2r qy1. at r s ‘.Ž .b
Ž . Ž .e Suppose that T - R and u is a positi¤e solution of Eq. 1.4b 0 b
satisfying u G T in R n. Then u is radially symmetric and either u ’ U orb b
u ’ u for some c ) T .c b
Remark. From Theorems A and B, we obtain that
Ž . Ž .i U is the only unbounded solution of Eq. 1.2 and U is radially0 0
symmetric;
Ž . Ž .ii the maximal positive solution U of Eq. 1.4 is radially sym-b b
metric and is the unique unbounded positive solution which is greater than
or equal to T ;b
Ž .iii all bounded solutions in Theorems A and B tend to positive
constants at infinity, respectively.
The purpose of this paper is to discuss the uniqueness and properties of
Ž . Ž .unbounded positive solutions of Eq. 1.4 in Theorems 1.1 and 1.2 . Web
also give, in Theorems 1.3 and 3.1, the existence of some solutions which
are different from those in Theorems A and B.
First we obtain the following.
THEOREM 1.1. Suppose q ) p G 1, m G n ) 2, and T - R . Then U isb 0 b
Ž .the unique unbounded positi¤e solution of Eq. 1.4 . Furthermore, if b ) bb 1 2
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n Ž . Ž .) 0, then U ) U G U in R and U r con¤erges to U r uniformly onb b 0 b 01 2w xany compact set 0, r as b “ 0.1
Not only for b such that T - R which implies the existence for theb 0
maximal positive solution, the next theorem gives us a sufficient condition
Ž .about the existence of unbounded positive solutions of Eq. 1.4 forb
arbitrary b ) 0.
'ŽTHEOREM 1.2. Let q ) p G 1 and m G n ) 2. If 2 q G n and p F 2
. Ž .y 1 m, then Eq. 1.4 possesses an unbounded radially symmetric solutionb
Ž . Ž . Ž .u r satisfying u r G U r for all r G 0.0
In the following result, we obtain that there are an infinite number of
Ž . < <positive solutions for Eq. 1.4 which approach to zero as x “ ‘.b
< <THEOREM 1.3. Suppose that q ) p ) 1, m G n ) 2, and r s x . Then
Ž x Ž .there exists a ) 0 such that for e¤ery e g 0, a , Eq. 1.4 possesses ab
Ž . w . Ž . Ž .positi¤e solution u r on 0, ‘ satisfying u 0 F e and u r “ 0 as r “ ‘.e e e
We organize this paper as follows. In Section 2, we give the complete
proofs of Theorems 1.1 and 1.2. Finally, we prove Theorem 1.3 in Sec-
tion 3.
2. PROOFS OF THEOREMS 1.1 AND 1.2
In this section, we give the complete proofs of Theorems 1.1 and 1.2. In
order to prove Theorem 1.1, we need the following lemma.
LEMMA 2.1. Consider the initial-¤alue problem
n y 1 1
Y X q w¤ q ¤ y ¤ s 0, r g 0, ‘ , n ) 2, q ) 1,.nr 1 q rŽ . 2.1Ž .
X w¤ 0 s u , ¤ 0 s 0, ¤ s ¤ r , u ) 0 on 0, ‘ .Ž . Ž . Ž . .
Ž xThen there exists R ) 0 such that for e¤ery u g 0, R :0 0
Ž . Ž .i ¤ r, u is an increasing entire solution;
Ž . Ž . Ž . w .ii if 0 - u - u F R , then ¤ r, u - ¤ r, u for all r g 0, ‘ ;1 2 0 1 2
Ž . Ž . Ž . Ž .iii lim ¤ r, u s C u , where C u is a positi¤e increasing func-r “‘
Ž xtion on 0, R and satisfies0
Range of C u s 0, ‘ and lim C u s ‘;Ž . Ž . Ž .
yu“R 0
Ž . Ž . Ž . w . Ž .iv ¤ r, R s U r ; r g 0, ‘ , where U is defined in Eq. 1.3 of0 0 0
Theorem A.
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Proof. This is an easy consequence of the results of Theorem A.
Now we are in a position to prove Theorem 1.1.
Proof of Theorem 1.1. We divide the proof into three steps.
Step 1. If 0 - T - R , then U is the unique unbounded positiveb 0 b
Ž . nsolution of Eq. 1.4 and U G U in R .b b 0
˜ Ž . Ž .Suppose that U x is an unbounded positive solution of Eq. 1.4 .b b
˜ nŽ . Ž < < . Ž < < .Then we claim that U x G ¤ x , R , ; x g R , where ¤ x , R is theb 0 0
Ž .maximal solution U of Eq. 2.1 .0
˜ Ž .Proof of the claim By Lemma 2.1, it suffices to show that U x )b
Ž < < . n Ž .¤ x , u , ; x g R , ;u g 0, R .0
˜Ž . Ž . Ž < < .Let w x s U x y ¤ x , u . Then it is easy to obtainb
yb
p n˜Dw q F x w s U x F 0, ; x g R , 2.2Ž . Ž . Ž .m b< <1 q xŽ .
where
˜q q < <y1 U x y ¤ x , uŽ . Ž .b nF x s F 0, ; x g R .Ž . n ˜< < < <1 q x U x y ¤ x , uŽ . Ž . Ž .b
Since w ) 0 near ‘, by the maximal principle, we can easily obtain that
˜ nŽ . Ž . Ž < < .;u g 0, R , U x ) ¤ x , u in R . This proves the above claim.0 b
˜ Ž . Ž < <.From the above claim, we obtain that U x G U x G R ) T , ; x gb 0 0 b
n ˜Ž .R . Since 0 - T - R , by the result of e in Theorem B, we get U ’ U .b 0 b b
This proves the uniqueness result, Step 1.
Ž . Ž . Ž . w .Step 2. If b ) b ) 0, then U r ) U r G U r , ; r g 0, ‘ .1 2 b b 01 2
Since b ) b , we have1 2
b 1 b y b2 2 1p q pDU q U y U s U - 0, 2.3Ž .m n mb b b b1 1 1 11 q r 1 q r 1 q rŽ . Ž . Ž .
and
b 1 b2 2p q pDU q U y U s U ) 0. 2.4Ž .m n m0 0 0 01 q r 1 q r 1 q rŽ . Ž . Ž .
Hence, U and U are respectively the supersolution and subsolution ofb 01
Ž . n Ž .Eq. 1.4 with U ) U in R . Therefore, Eq. 1.4 possesses anb b 0 b2 1 2
Ž . Ž < <. Ž . Ž < <.unbounded solution V x with U x F V x F U x . By Step 1, we0 b1
Ž . Ž . w .obtain V ’ U . Hence, U r G U r , ; r g 0, ‘ .b b b2 1 2
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Ž . Ž .Now we claim that U r ) U r , ; r G 0. Let z s U y U . Thenb b b b1 2 1 2
z G 0 and
D z q G x z F 0 in R n ,Ž .
where
q < < q < <U x y U xy1 Ž . Ž .b b1 2 nG x s F 0, ; g R .Ž . m < < < << < U x y U xŽ . Ž .1 q xŽ . b b1 2
Ž . Ž . Ž .If U r s U r , i.e., z r s 0, for some r ) 0, then by the strongb 0 b 0 0 01 2
minimum principle, we get z ’ 0 in any large ball B with r ) r . Hence,r 0
z ’ 0 in R n, which leads to a contradiction. This proves Step 2.
Ž . Ž . w xStep 3. U r converges to U r uniformly on any compact set 0, rb 0 1
as b “ 0.
Since U is radially symmetric, U satisfiesb b
ny2r1 s
U r s U 0 q s 1 yŽ . Ž . Hb b ž /n y 2 r0
1 b
q p= U s y U s ds. 2.5Ž . Ž . Ž .n mb b1 q s 1 q sŽ . Ž .
Then, suppose b U ) b ) b ) 0; we have2
U r y U r s U 0 y U 0Ž . Ž . Ž . Ž .Ž .b b b b2 2
ny2r1 s
q s 1 yH ž /n y 2 r0
1
q q= U s y U sŽ . Ž .Ž .n b b 21 q sŽ .
1
p py b U s y b U s dsŽ . Ž .Ž .m 1 b 2 b 21 q sŽ .
ny2r1 s
F U 0 y U 0 q s 1 yŽ . Ž .Ž . Hb b ž /2 n y 2 r0
q
qy1
U= U U s U s y U s ds,Ž . Ž . Ž .Ž .n b b b 21 q sŽ .
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and thus
U r y U r F U 0 y U 0Ž . Ž . Ž . Ž .b b b b2 2
r s
qy1
Uq q U s U s y U s ds. 2.6Ž . Ž . Ž . Ž .H n b b b 21 q sŽ .0
Hence, from Gronwall’s inequality,
XU r y U r F U 0 y U 0 ? M r 2.7Ž . Ž . Ž . Ž . Ž . Ž .b b b b2 2
w X x Ž X. Xon 0, r for some positive constant M r depending on r G 0, and since
Ž . Ž .U 0 is convergent as b “ 0, U r converges uniformly to some functionb b
Ž . w X x Ž .U r on 0, r by the Cauchy criterion. Now, from Eq. 2.5 , we have
ny2r1 s 1
qU r “ U 0 q s 1 y ? U s ds 2.8Ž . Ž . Ž . Ž .H nb ž /n y 2 r 1 q sŽ .0
w X xas b “ 0 for all r g 0, r , and hence
ny2r1 s 1
qU r s U 0 q s 1 y ? U s ds 2.9Ž . Ž . Ž . Ž .H nž /n y 2 r 1 q sŽ .0
w X x Ž .on 0, r , i.e., U r is a solution of the equation
1
qDu y u s 0. 2.10Ž .n
1 q rŽ .
Ž . Ž . Ž . Ž .Since U r is unbounded, U r ’ U r by the result of ii in Theorem A.0
This proves Step 3 and completes the proof of Theorem 1.1.
Second, we give the proof of Theorem 1.2.
Ž . Ž < <. Ž < < 2 . nProof of Theorem 1.2. Let u x s u x s a 1 q x in R , where˜ ˜
a ) 0. Then
b 1
p qDu q u y u˜ ˜ ˜m n
1 q r 1 q rŽ . Ž .
p q2 21 q r 1 q rŽ . Ž .
p qs 2a n q ba y a . 2.11Ž .m n
1 q r 1 q rŽ . Ž .
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Ž . Ž 2 . p Ž . mLet f r s 1 q r r 1 q r . Then
py12 21 q r 1 q rŽ .
Xf r s 2 pr y m F 0Ž . m ž /1 q r1 q rŽ .
'Ž . Ž .for all r G 0, since p F 2 y 1 m, and thus f r is monotonically de-
creasing in r.
Ž . Ž 2 .q Ž .nNext, let g r s 1 q r r 1 q r . Then
g r s inf g r ,Ž . Ž .0
rG0
where
2¡ 'yq q q q n 2 q y nŽ .
, for 2 q ) n ,~r s 2.12Ž .2 q y n0 ¢1, for 2 q s n .
Ž .1rŽ py1. wŽ . Ž .x1rŽqyp.4Now, choose a G max 2n , b q 1 rg r . Then0
b q 1
p p2a n F a s a g r y bŽ .0 g rŽ .0
p qypF a g r a y bŽ .0
s g r a q y ba p . 2.13Ž . Ž .0
Ž . p Ž . q Ž .Hence, Eq. 2.11 F 2a n q ba y g r a F 0 and we get that u r is a˜0
Ž . Ž . Ž .supersolution of Eq. 1.4 . Since U r is a subsolution of Eq. 1.4 whichb 0 b
Ž . Žny2.rŽqy1. 2is monotonically increasing in r and U r ; r F r at r s ‘,0
Ž . Ž .choosing a sufficiently large, we have u r G U r for all r G 0, and then˜ 0
Ž . Ž . Ž . Ž . Ž .Eq. 1.4 possesses a solution u s u r with u r G u r G U r for all˜b 0
r G 0. This completes the proof of Theorem 1.2.
3. PROOF OF THEOREM 1.3
In this section, we consider the equation
b 1
p q nDu q u y u s 0 in R . 3.1Ž . bm n
< < < <1 q x 1 q xŽ . Ž .
We would like to find some different type solutions from those in Theo-
rems A and B.
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Ž .In Theorem 3.1 below, under some further conditions on p, Eq. 3.1 b
< <possesses a positive solution which tends to zero as x “ ‘.
n q 2THEOREM 3.1. Let q ) 1, q ) p ) 0, and m G n ) 2. If 1 - p - n y 2
n y m Ž .or - p - 1, then Eq. 3.1 possesses a positi¤e radial solution u sb 0n y 2
Ž < <. n Ž < <. < < < < ny2 Ž < <.u x in R , satisfying u x “ 0 as x “ ‘ and lim x u x0 0 < x < “‘ 0
being a finite constant.
Proof. We first consider the equation
b
p nD¤ q ¤ s 0 in R . 3.2Ž .m
< <1 q xŽ .
w x Ž < <.Then by 2, Theorem 1.1 , there exists a positive radial solution ¤ s ¤ x1 1
Ž .of Eq. 3.2 satisfying
< < < < 2yn < <¤ x ; x at x s ‘. 3.3Ž . Ž .1
Ž .It is easy to see that ¤ is a supersolution of Eq. 3.1 for1 b
b 1 b
p q pD¤ q ¤ y ¤ F D¤ q ¤ s 0m n m1 1 1 1 11 q r 1 q r 1 q rŽ . Ž . Ž .
< <for all r G 0 where r s x .
8 1m 5 p Žqy1.rŽqyp. wŽ .Ž . x 4Now, choosing 0 - e F min 1, br2 and, inŽ .n q 8 10 n q 1
R n, we define
52k y1 y2 1r2< < < <e e y e x , for 0 F x F e ,Ž .< <¤ x s ¤ x sŽ . Ž .2 2 ½ 1r2< <0, for x G e ,
5q y 4 2 nŽ .where k s . Then ¤ g C R and2q y 1
b 1
p qD¤ q ¤ y ¤m n2 2 21 q r 1 q rŽ . Ž .
3ky4 y1 y2 2 2s 10e e y e r n q 8 r y neŽ . Ž .
b 5 ppk y1 y2 2q e e y e rŽ .m
1 q rŽ .
1 5qqk y1 y2 2y e e y e r . 3.4Ž . Ž .n
1 q rŽ .
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Ž .In order to show that ¤ is a subsolution of Eq. 3.1 , we estimate Eq.2 b
Ž .3.4 by two cases as follows.
n1r2 1r2 1r2Ž . Ž .Case i for e G r G e :n q 8
1 5 ppk y1 y2 23.4 G e e y e rŽ . Ž .m
1 q rŽ .
Ž .myn 5 qypkŽqyp. y1 y2 2= b y 1 q r e e y e rŽ . Ž .
1 5 ppk y1 y2 2 m Žqyp.rŽqy1.G e e y e r b y 2 eŽ .m
1 q rŽ .
G 0,
Ž m.Žqy1.rŽqyp.since e F b ? 1r2 .
n 1r2 1r2Ž . Ž .Case ii for 0 F r F e :n q 8
5 pb 8 1
ky4 pky5 p qky5q3.4 G y10ne q e y eŽ . m nž /n q 81 q r 1 q rŽ . Ž .
5 pb 8
qrŽqy1. prŽqy1.G y 10n q 1 e q eŽ . m ž /2 n q 8
5 pb 8
prŽqy1. Žqyp.rŽqy1.s e y 10n q 1 eŽ .m ž /2 n q 8
G 0,
8 1m 5 p Žqy1.rŽqyp.wŽ .Ž . xsince e F br2 .Ž .n q 8 10 n q 1
Then
b 1
p q < <D¤ q ¤ y ¤ G 0 for all r s x G 0.m n2 2 21 q r 1 q rŽ . Ž .
Ž . Ž .Hence ¤ is a subsolution of Eq. 3.1 . Moreover, since ¤ r is monotoni-2 b 1
cally decreasing in r, we can make sure that
¤ r F ¤ r for all r G 0 if e is sufficiently small.Ž . Ž .2 1
Ž . Ž .Therefore, Eq. 3.1 possesses a radial solution u s u r satisfyingb 0 0
¤ r F u r F ¤ r for all r G 0.Ž . Ž . Ž .2 0 1
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Ž . Ž . Ž .Then either u r is positive for all r G 0, or u r ) 0 on 0, r but0 0 0
Ž . 1r2u r s 0 for some r G e . If the latter case occurs, then we claim that0 0 0
Ž .u r s 0 for all r G r . For, otherwise, there exists r and r with0 0 1 2
Ž . Ž . Žr ) r G r such that u r s 0, u r is strictly increasing, and b y 1 q2 1 0 0 1 0
. myn qypŽ . w x Ž .r u r G 0 on r , r . But from Eq. 3.1 , we obtain that0 1 2 b
r1 1
X ny1 pu r s y s u sŽ . Ž .H m0 0ny1r 1 q sŽ .r1
myn qyp= b y 1 q s u s ds F 0Ž . Ž .0
w x Ž . w xon r , r , i.e., u r is decreasing on r , r , which is a contradiction.1 2 0 1 2
Furthermore, by the extension theorem, u ’ 0 for all r G 0, which is0
Ž . ny2 Ž .impossible. Therefore, u r ) 0 for all r G 0 and lim r u r is0 r “‘ 0
finite. This completes the proof of Theorem 3.1.
Ž .In fact, there are an infinite number of positive solutions for Eq. 3.1 b
< <which approach to zero as x “ ‘.
< <THEOREM 3.2. Suppose that q ) p ) 1, m G n ) 2, and r s x . Then
Ž x Ž .there exists a ) 0 such that for e¤ery e g 0, a , Eq. 3.1 possesses ab
Ž . w . Ž . Ž .positi¤e radial solution u r on 0, ‘ satisfying u 0 F e and u r “ 0 ase e e
r “ ‘.
w xProof. From 10, Theorem 3 and the proof of Theorem 3.1, we can
easily obtain the results of Theorem 3.2. This completes the proof of
Theorem 1.3.
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